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Plan of the course

© Integers: 1 lecture
@ Groups: 6 lectures
© Rings and fields: 5 lectures
@Q Review: 1 lecture

Today: Groups: lecture 5

(a) Transpositions in S,
(b) Sign of a permutation in S,
()
(d) Conjugacy classes in S,
()
)

The alternating group A,

e) Action of a group on a set by permutations

f) The orbit-stabilizer theorem and the class equation of a finite group
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Recall: Symmetric group S,

A cycle (i1, i2,...1I) is @ permutation that sends
i — Ip, ip = i3, ... ix — i1 and stabilizes the remaining elements.

Two cycles (i1, i2,...ik) € Sy and (J1,J2, .- .Jjm) € Sy are disjoint if
and only if iy # j, for all t and p.

Disjoint cycles commute in S,: if iy # j, for all t and p, then
(i17 i27 s ik)(jl?.j27 . Jm) = (j17j27 e '.jm)(i17 i2a s Ik)

Any o € S, can be written as a product of disjoint cycles
o=()( )( )...() uniquely up to the order of the cycles.

e In S, we have (i1, ia, ... ix)7 L = (7(ir), m(i2), . .. 7(ix)).

A transposition is a 2-cycle in Sp,.
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Every k-cycle is a product of (k — 1) transpositions.
(122) = (13)(12)

Corollary

The group S, is generated by transpositions {(ij)}1<i<j<n-
Proof:

ij GeS. ®a /rm(ucl[ 0//04'51'91747[ ﬁﬁéﬂ
EVMj 7&& IS J3 /mp&fﬂé 0/ #my;ﬂ;/m

= Evaf// G & Sn Con fz Wt’).lz/ca aZ 4

Mc%
9// Aaw&/m; 4

Remark: This presentation is not unique.

2)(ve) = (13
(13) = (12)(23)(12) fethe) = ety
P

[C
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Any element of S, is a product of transpositions

A transposition (ij) can be visualized as a crossing of two lines that
correspond to elements / and j. Then any element ¢ € S, can be
represented as a tangle of threads. Each intersection corresponds to a

transposition.

G- [123Y56]
442563

<

G< (5’@(3?)(24)(55)(54)(55) f(/)(24563) =(24563)
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. . +4 -1
The sign of a permutation: +1, even or odd

Definition
An inversion in the ordered set {a1, as,...an} is a couple a; > aj, where
i <J.

M L\’WU’S[EY)Z

12 395¢
{ Ownr s ;

124356
41235 DtY =7 vwersmy

o & = wa
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Theorem

Let 0 € S, be given as a product of transpositions. Then the number of

transpositions in o has the same parity as the number of inversions in
o(1,2,...n).

Idea:

6(r2.. ») = a,az....c'g,&mJ’C,cz.._

Acéw O/ [(J) , Agw&an/ CAMJ,@ # ﬁ’/(W-&V[:é’MM 74z 94]):7 %gove?
A JZ@ L ic .. = ()62 n)

C{,k Ce CZO/W/ @Vlééﬂé 747% C/a/;z / 07[1)’1/:/”_9%

If g > Mﬁ(!;ﬁi/ or é{éﬁ a/w/gk J vsaé;pa{aaw/a/euyl

il O(W&“ R VR R Sk

lh #ns Cape fwem( gk 74&# /fW(f!M céwj/&j §1’2’“2@‘*’%

/Lma%, (z—sJ cw(&/; or swgﬁwé 1 tnwverson.
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=> Ta/w% am(w é a ﬂm/%f/zaé%/%agms

(’)/:i => 6(]2‘. h) =12 . n No Muer<oms
G - (;j‘) = odd # 07[ owersong (1,2 n)
Q= OC&UJ) = oo(o/wo(o{ = even +H O/M/m‘am n 5[/2 ._m)

ofe

7

Theorem

A product of an odd number of transpositions cannot be equal to a
product of an even number of transpositions in S,,.

/>an‘§ o/ He W&/ 74’01/%/1%/6%4 /yC%a% to
% /wmg a/ #0/£MM,S’M n 6_[/—'.. //;)
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The sign of a permutation
Definition
Let o € S,. Then sgn(c) = (—1)ltranspositions in o] J

Sqn(c)= L =5 G = ewen #o%%rm/zoj/%w
%M ()=-1 <=5 G = odd #a/ #M/a,f/%aw

Proposition
sgn : S, — {£1} is a group homomorphism. J

Proof: p M(GVT) _ [//)#M(&T) _ [’/)#ﬁ'w/?@)f#ﬁuﬂf(ﬁ:
_ (_U#M«M/) () (40 #/“W///T)

S9n (1) = 1°=1
Recall: The kernel of a group homomorphism is a normal subgroup.

kbﬁ (Sj ") < S n  herm L %ﬁt%fmf
Ty

= §9h (&) ik @)



The alternating group A, PG —
brvae o =M
Definition

The alternating group A, is A, = ker(sgn) <°S,. It consists of all even
permutations in S,,.

-cych = i’odizdlaj[
By Lagrange's theorem, |S,| = |An| - [{£1}| = 2|A,|. (é'/)#rw/w:f/ww

(123 =(13)112)
Example: S5 = {1/:\1;0’, (0:!23)’ (ia)a (0243)’ (]fei’)’ (1&'03”21/)}

Ay =1, (023) (132)] [A[=3 ié
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Recall: the cycle type of o € S, is preserved by conjugation
Moreover, any element of type (i1, iz, ...ix) can be obtained from any
other element of the same type by conjugation.

Definition

The conjugacy class of an element h in a group G is the set of elements
{ghg '}geq-

Corollary

Sn Is a disjoint union of conjugacy classes. Each conjugacy class is
determined by the set of lengths of disjoint cycles. The conjugacy classes
in S, are in bijection with the partitions of the number n:

n=1in4+1l+...i; hH>>...>0>1,

where {i1, I, ... ik} are the lengths of the cycles in the disjoint cycle
decomposition of elements in the given conjugacy class.
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Conjugacy classes in S,

Example: G = ;.
Conjugacy classes <+ partitions of 4. - ///f/ {3 /j/ J2. zf/ f2, (}l . J

;Sl/ﬁ 4/»37064 (123%), (3192) .. 7‘5,-/:3/:5

3,11 3»%&4 (123), (423), . o =8
2,2 omo(a% of D disjomt 2- L (L/‘ Lo
IC j / [/2)[37{0 ./ 57 2/) 2

E+813+64 = 0y

2 - (1), ( J)=6
(211} 2-gebes (13, (3) ) 541~ 24

) e el o 1

N

o> «J = = z 9ac
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Conclusions: the group S,

@ Any element ¢ € S, is a product of an odd or an even number of
transpositions. The sign of ¢ is determined by the parity of the
number of transpositions in .

@ The alternating group A, is the kernel of the group homomorphism
¢ : Sp — {£1} given by 0 — sgn(o). It consists of all even
permutations in Sj,.

@ The conjugacy class of o € S, is completely determined by the cycle
type of 0.

@ The conjugacy classes in S, are in bijection with the partitions of
number n.
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Action of a group on a set

Definition

A finite group G acts on a finite set E if for any g € G, any x € E the
element g(x) € E is defined, and 1(x) = x and g1g2(x) = gi(g2(x)) for
any g1,8> € G and any x € E.

L:—xa,wﬁé Sm Qcéwﬁw E://,Z(,.,nj

Definition
The set Orb, = {g(x)}gec is the orbit of the element x € E under the
action of the group G.

We have GX=gay = v jﬁxc CH,

( @[
@ Orby = Orby, or Orb, N Orb, = 0. / é%ﬁ@g&) 5%%’ OX ;
@ Every element of E belongs to an orbit. Sdd

© Therefore, E = U!_, Orb,,, where {x;}/_; is a complete set of
representatives of the orbits.
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Action of a group on itself by conjugations

Action of a finite group on itself by conjugation is an example of a group
acting on a set by permutations:

g:G—=G g:h— ghg™L.

L= 2h=h Gl = ()b ) =5l Ao -
Vhee = glpl)) Vieé gpec

Then Orby, = {ghg_l}gec = Cp, is the conjugacy class of hin G.
Therefore, any finite group is a disjoint union of its conjugacy classes:

G = Ule Ch[..
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Conjugacy classes in G

Remark

If G is abelian, then C, = {ghg '},cc = {gg *h}zec = {h}. Therefore,
each conjugacy class contains exactly one element and the number of
conjugacy classes equals to |G].
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The stabilizer subgroup

Definition

Let G act on a set E by permutations. If x € E, then
Staby = {g € G : g(x) = x}

is the stabilizer subgroup of x in G.

Proposition
The stabilizer Staby, C G is a subgroup in G. )
Proof: () 1ix=x ¥x = {ec S,
() ij 3"5‘ e SA/KX => g,&(/xj =g X) =X = j,jmé ga/ﬂjx
= S
8'><:>< =5 @”ij)x:x ’

= 67 ¢ Sl
R ICE 7
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The orbit-stabilizer theorem

Theorem
Let a finite group G act on a finite set E, and x € E. Then

|Orby| = [G : Stab] = |G|/|Staby|.

Pm/f Jof H=S4ad, ¢ G and comider e 4/71 wiehs wrt H on &
Thn: I{jH}AG — (g, s a bijechn.
J’l' j —>jx \/j(@ /u S;a,/wé/c : jif%
57;»«4 (jr‘/ f(f/{)é@g = §%= C/X :;fjx = X
=5 ¢ H=Sd, :>f C/'/‘>j4H
£ Ma% fHesy o TSI
,>/‘4 © MJACfLVe, 7>/u & K/{C/m = # Hcosehs = g /OV/J(/

= |04 (= /86;{4(/ 7
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Application: the order of the rotational symmetries of a
cube

Let G be the group of rotational symmetries of a cube. Then G acts on
w@iﬁ the cube by permutations.

{Org|'1§%! -
Stab, = |1, rorr ) b r3a Vq@mév
| Staby| =4
06| = 6
|G- 104 [Skbi] =24
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Poll: All isometries of a cube

»

Let K be the group of all isometries of a cube: compositions of rotations
and reflections in R3 that preserve the cube. Then the order of K is

A: 24 AL!iD’h 0)[( /(07\ 7/14 461/ /][M/

O |=6 31% Dt/ ‘>/ JStd| =8

C: 56
D: 72 = {G[:/Orng(g%/ WA” 3/“ 47(4&/@
|Gl=6-8 =48
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Centralizer of an element of G
Definition

The center of a group Z(G) C G is the set of all elements that commute
with any g € G.

Z(&J = JK{&«‘ Xg=4x %64/

N (JxeG: ij‘f:k Vj€§f
= Wl |-df @”7“(7“7 clowies n 6

Definition
The centralizer of an element x € G is the subgroup

Gy ={g € G: gxg ! = x}. In other words, the centralizer of x € G the
stabilizer of x € G with respect to the action of G on itself by conjugation.
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The class equation of a finite group
Theorem

The class equation of G is

Gl =1Z(G)| + Y |Cel = 1Z(G)| + Y [G : Gx],
i=1 i=1

where C,; are all the nontrivial (with more than one element) conjugacy
classes, and G, are the centralizer subgroups:

G, ={g € G:gxgt =x}.

m L r

Gl = 21Cql = Zlcs] « Tl
U{A @T\A{ UM o O{ . {’ ij o \\WAV[JCQ% 01444@
’ %M Aanes

| r
)6 - %@wgm 237
I~ (5657 b He oS-l o T
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Application: groups of prime power order

Proposition
A group of order p", where p is a prime, has a nontrivial center. J

Proof: C@M 27umKW o][ &
GEREGIE Z (6:6y] Gy € =6 | dudy
~_ J |

P 5 p
e )y\ O"L”Sé&@ﬁ

o (/(5 2
|2(6)] 0 obio diestl &y cfﬂwww

h

=> }2(5—) ’ s @ nonriviad M/v/)é »/P
zp erens i 2(6). . Z
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